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Abstract
We present a novel approach to solving the trajectory planning problem (TPP) in time-varying environments. The essence of our approach lies in a heuristic but natural decomposition of TPP into two subproblems: (1) planning a path to
avoid collision with static obstacles and (2) planning the
velocity along the path to avoid collision with moving obstacles. We call thefirst subproblem the path planning problem
(PPP) and the second the velocity planning problem (VPP).
Thus, our decomposition is summarized by the equation
TPP =>

PPP + VPP. The

symbol =>

indicates that the dee.g., when
i.e., not tracking
(
of
) the

composition holds under certain assumptions,

obstacles are moving independently
robot. Furthermore, we pose the VPP in path-time space,
where time is explicitly represented as an extra dimension,
and reduce it to a graph search in this space. In fact, VPP is
transformed to a two-dimensional PPP in path-time space
with some additional constraints. Algorithms are then presented to solve the VPP with different optimality criteria:
minimum length in path-time space, and minimum time.

Trajectory Planning:
The Path-Velocity
Decomposition

time-varying environments, an algorithm that we
summarize with the decomposition TPP =>
PPP + VPP. The trajectory planning problem consists
of a static path planning problem and a temporal velocity planning problem.
1.1. INTUITIVE MOTIVATION: A COCKTAIL PARTY

ingredients of a trajectory planare they used? Consider
ning problem (TPP)
the following scenario:
Suppose that you arrive early at a cocktail party
What

are

the essential

and how

and the hall is

sparsely filled. You desire a drink

glance around the hall to locate the bar. Except for avoiding an occasional piece of furniture,
you walk straight toward it. However, as another
person approaches your path, you slow down to
avoid a collision and, after she passes, you speed
and

again.
This simple example illustrates the key intuition be1. Introduction
hind our approach in the presence of moving obstacles:
both the path and the velocity along the path are crucial
How does one get from &dquo;here&dquo; to &dquo;there&dquo;? This is an
for collision avoidance.* Furthermore, it suggests an
everyday version of the trajectory planning problem.
intuitive decomposition of the whole problem into
We solve it so often and so intuitively that we are
two subproblems: (1) planning the path to avoid colliseldom aware of the complexity underlying it. Our
sions with the stationary obstacles and (2) planning
purpose in this paper is to illustrate this complexity in
the velocity along the path to avoid collisions with the
a manner that motivates a particular decomposition of
spatial and temporal aspects. This leads to a new algo- moving obstacles (Kant and Zucker 1984). It is precisely this decomposition - how good it is, when it is
rithm for solving the trajectory planning problem in
valid, and how solvable the resulting subproblems
are-that we are going to study in this paper.
up

*

Senior Fellow, Canadian Institute for Advanced Research. This
was supported by NSERC grant A4470.

research

*

In this paper we are concentrating on those mathematical aspects
of the trajectory planning problem that are relevant to robotics
applications. Other aspects, such as the cognitive side of planning
and motivations that can be attributed to the obstacles (e.g., people
to avoid in a particular social situation) will not be considered.
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1.2. THE DECOMPOSITION: &dquo;WHERE&dquo;

AND

&dquo;WHEN&dquo;

Most previous research on trajectory planning in robotics has concentrated on the subproblem of finding
paths among static obstacles (Udupa 1977; LozanoPerez and Wesley 1979; Brooks 1982; Brooks and
Lozano-Perez 1983). There is no notion of time involved in such formulations, so they do not generalize.* Note that among static obstacles, one need only
answer the question, &dquo;where&dquo;? Once a path has been
found, the robot’s velocity along it does not matter.
Such static problems are what we refer to as path plan-

ning problems (PPPs).
In the presence of moving obstacles, however, both
&dquo;where&dquo; and &dquo;when&dquo; questions are involved. In this
case, the velocity does matter; of two different velocity
functions on the same path, one may lead to a collision while the other may not. That is why we call the
second subproblem the velocity planning problem
(VPP), or the problem of planning the velocity along a
given path to avoid collision with moving obstacles.
Our approach to the TPP exploits a natural decoupling
of the two questions; the PPP answers the &dquo;where&dquo;
question, and the VPP answers the &dquo;when&dquo; question:
TPP ~ PPP + VPP. We shall now focus on the advantages of this decomposition of TPPs in certain
robotics applications.

1.3. REDUCTION
ROBOTICS

IN

COMPLEXITY: APPLICATIONS

Our concern is time as formulated in collision avoidance problems,
i.e., avoiding moving obstacles. Researchers have considered coordinating movements of independent bodies where time may be implicit (Schwartz and Sharir 1982b). There are other areas in robotics,
such as control, where time is an important aspect (Paul 19$1;
Brady et al. 1983).

a

practical point of view. The implementations of these
general algorithms do not yet exist. One implemented
algorithm for the two-dimensional PPP may take tens
of minutes to execute (Brooks and Lozano-Perez
1983).* The full problem of planning trajectories
among moving obstacles is even harder. One reason
for this increase in complexity is the additional time
dimension in the TPP. While we shall deal with complexity issues later, for now it suffices to note that the
above observation-that path and velocity planning
are decomposable under certain conditions-provides
one opening through this additional complexity barrier in the TPP. Most importantly, it is an opening
that has applications in robotics. The most obvious
example is that of a robot moving along a fixed path,
either a track or a corridor. Another example involves
a manipulator transferring payloads from one place to
another in the presence of obstacles. Often these obstacles are moving, as on a conveyor belt. The obstacle
may be another manipulator sharing a common workspace

(Wallace 1984).

1.4. OVERVIEW

&dquo;

To summarize the introductory remarks,
approach will be to:
I.

IN

It is well known that planning paths even among static
obstacles (the PPP) is a computationally difficult problem (Reif 1979; Schwartz and Sharir 1982a; Hopcroft,
Joseph, and Whitesides 1984). The complexity of the
general PPP is exponential in the number of degrees of
freedom of the robot and it is polynomial in the number of polynomial equations describing the obstacles.

*

However, the exponents and constants are large from

our

general

plan the path of the robot to avoid collisions

with static obstacles,
2. choose one of the paths to reach the goal position, and
3. plan the velocity to avoid collisions with obstacles moving across the path.
The advantage of this decomposition is that it provides a more efhcient solution to the problem. There
are both theoretical and practical limits, however, that
restrict the application of this decomposition paradigm to the general TPP. There are cases when this
paradigm will not yield a collision-free trajectory even
though one may exist. For example our approach may
fail if an obstacle is moving along the same path as the

*

However, fast approximate algorithms for solving some PPPs exist
(Brooks 1982).
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robot. Such coincidences are unlikely, however, unless
the obstacles are purposefully tracking the robot.
In this paper we formally define the TPP for a point
robot. We motivate the decomposition of the TPP
from a mathematical point of view and give precise
formal definitions for both the PPP and the VPP; we
briefly overview current approaches to the PPP and
opt for the one representing free space; we present an
algorithm to solve the VPP by reducing it to a graph
search. Having presented this framework, we suggest
some extensions to solve the TPP for a polyhedral
robot (either two-dimensional or three-dimensional).
In conclusion, we extend our approach to uncertain

environments.

2. The Trajectory Planning Problem
The Case of a Point Robot

(TPP)

-

Assume that the robot is a point object. Given its initial position, its final position, and the trajectories of
the obstacles, the problem is to determine the trajectory of the robot as a function of time to avoid collisions with the obstacles.We may formally state the
above as follows:
Let T = [ti, tf] denote the time interval over which
the trajectory of the robot is to be planned. The symbol
t; denotes the initial time and t f denotes the final time.
The symbol x~ indicates the position of the robot at
time t; . The symbol x jindicates the position of the
robot at time tf. Let 4 denote the set of obstacles (rigid
bodies) D, , O2,
On . Given that the obstacles
and their trajectories are known, O(t) = (01(t) U
02(t) U ... U 0.(t)) C E3 is known Vt E T, where
0(t) denotes the space occupied by the obstacles at
time t. We interpret the mapping x( · from T to E 3,
the 3-D Euclidean space, as the trajectory of the robot,
so x(t) denotes the position vector of the robot at time
t. Note that x( -) has to be continuous to be physically
realizable. From now on, we will use the word mapping to imply continuous mapping. The TPP is then:
...

Z.1. SEPARATING SPACE AND TIME-DECOMPOSING
TPP INTO PPP AND VPP
are two ways to view a mapping. The first is as
correspondence between a point in the domain and
a point in the range. The second takes the domain in
its entirety and considers its image under the mapping.
These two views provide a natural framework for our
decomposition of the TPP. The mapping x( -) comprises

There
a

1. its image set x R x(T) = {x(t) : t E
2. the correspondence ~: T - x.

T) c E3, and

As you recall, the TPP poses two questions&dquo;where&dquo; and &dquo;when.&dquo; The first subproblem deals with
the where part of the question and the second deals
with the when. The image x is the path of the robot as
a space curve, and the correspondence x4 . ) determines the motion of the robot along the path n. The
solution to the first subproblem determines a path and
the solution to the second determines the motion
along this path. Therefore, x~( ~ is the trajectory obtained by using the decomposition, and xn(t) will denote the position of the robot at time t on path x.
How does the constraint x(t) T1 O(t) = # map onto
our decomposition? How does it affect the image set
and the correspondence xi’)? Let the set of obstacles
~(t) _ (0~1) U (0-(t)), where OS denotes the set of
static obstacles (therefore, independent of t) and om
denotes the set of moving obstacles. Substituting for
0(t), the constraint becomes

,

The original constraint is also decomposed into a logical AND of two subconstraints. Consider the first subconstraint :

Since Os is independent of t,

Find a mapping x: T ~ E3 with .x(~,) x;,
x(tf) xf, such that x(t) n O(t) _ 0, Vt E T.
=

=

74
Downloaded from ijr.sagepub.com at Tel Aviv University on February 25, 2011

Fig. 1. The Ygraph algorithm to solve the two-dimensional PPP. The shaded
polygons are obstacles. The
shortest collision-free path

Thus the first subconstraint leads

Find

an

from I to F (shown in bold
lines) is composed of straight
line segments joining vertices
of the obstacles.

directly to the PPP.

image set n such that x nos

=

0. (PPP)

Now, consider the second subconstraint x(t) n
0-(t) = 0. We control two factors to satisfy this subconstraint : the image sets and the correspondence
Hz(’). T - x. Assume that we choose as that satisfies
the first subconstraint. The second subconstraint leads
to the velocity planning problem.
Given the image set 7r, find

a

correspondence

To summarize, we have formalized the TPP =>
PPP + VPP decomposition. This implies that the
problem of planning the trajectory of a point robot
among obstacles is decomposed into two subproblems:
planning the path so that a collision with static obstacles is avoided and planning the velocity along this
path so that a collision with moving obstacles is avoided.

3.

Solving the PPP and the VPP

With the TPP ~ PPP + VPP decomposition established, we next give an algorithm for solving the VPP.
Since this algorithm presumes a path, we will first
briefly review current approaches to the PPP.

3.1. THE PPP-DETERMINING

A

PATH

The aim of path planning is to come up with an explicit representation of the collision-free paths that a
robot may take. Geometrically, we may view it in two
complementary ways: planning the path so that it
avoids the obstacles or planning the path so that it lies
in the free space, i.e., physical space minus the obstacles. We will give an algorithm from each approach.
3.1.1.

Ygraph Algarit~n2
In a two-dimensional polygonal world, a necessary
condition for a minimum length path is for it to be
composed of straight line segments connecting a subset

of the vertices of the polygonal obstacles (Wangdahl,
Pollock, and Woodward 1974; Lozano-Perez and
Wesley 1979). For an intuitive proof, see the MinPath
Theorem in Appendix II. A two-dimensional PPP is
solved as follows. Consider the graph YG with the set
of nodes N (I, F) U V, where I corresponds to the
initial position and F to the final position. V is the set
of vertices of the polygonal obstacles. Construct the
edge set E of all the edges (ni, nj) such that the straight
line connecting node n, to node nj does not intersect
any of the obstacles. This graph VG(N, E) is called the
Vgraph and the optimal (shortest) collision-free path
from I to F is given by the minimum cost (graph) path
from node I to node F. The cost of an edge is given by
the Euclidean metric. The Vgraph Algorithm is illustrated in Fig. 1.
A version of this algorithm has been used by Morovac ( 1980} to plan paths for a robot among circular
obstacles in a plane. The algorithm can be generalized
to the 3-D case; however, it does not yield shortest
paths. One approach is to introduce additional vertices
along the edges of the obstacles (Lozano-Perez and
=

Wesley 1979). Still, nonexponential algorithms are not
currently known for finding shortest paths among 3-D
polyhedral obstacles.*
----

* We thank

one

of the referees for pointing this out.
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Fig. 2. The triangulation
approach to solving the PPP.

Fig. 3. A simple example of
the VPP for a point robot.
The given path is a straight

The bounding rectangle
represents the total workspace. A path from I to F is
shown in bold lines. Contrast
this with Fig. 1.

line segment SiSfo The obstacles are the two circles moving with velocities v, and V2
respectively. The robot is at
position s, at time t¡. Different

3.1.2. Cellular Decomposition

of Free Space
One problem with Vgraph-like algorithms is that the
path passes too close to the obstacles. The second
approach of explicitly representing the free space
avoids this problem. The basic idea is to keep to the
middle of free space. Such approaches have been used
by Lozano-Perez (1980); Brooks (1982); and O’Dunlaing and Yap ( 1983).
Let U C E3 be the set that represents the total work(the set of positions reachable by
the robot but ignoring the obstacles). The free space is
given by F U - 01. Then, the obstacle avoidance
constraint, 7r fl OS 0, is equivalent to 7r E F. The
PPP is now equivalent to determining if the set F is
connected.
Consider the case when the obstacles are polyhedra
and the robot’s workspace is a polyhedron. The free
space is this polyhedron with polyhedral obstacle holes
in it. This is illustrated in two-dimensions in Fig. 2.
How do we represent this free space F? In twodimensions, Brooks (1982) used generalized cones and
Donald (1983) used channels in free space. A variation (in 3-D) is to triangulate the free space in tetrahedral (triangular, two-dimensional) cells. The triangulaspace of the robot
=

=

profiles may be determined
to achieve different objectives. In one case, the objective may be to reach the final
position Sr at a given time t~;
in another, the objective may
be to reach the ftnal position
Sr in minimum time.

collision-free velocity

tion leads to a graph with nodes corresponding to the
tetrahedra. Two nodes are joined by an edge if the
corresponding tetrahedra are adjacent.* Since a tetrahedron has four faces, the graph will be a quadgraph. A
solution to a particular instance of the PPP is obtained
by an efficient search of this graph.
Note that a graph path corresponds to an equivalence class of physical paths. For the same graph path,
there may be many physical paths. This is illustrated
in two-dimensions in Fig. 2. Such a graph representation may be compared to the road network in a city. It
describes the possible routes a robot may take to reach
its destination.

3.2. THE VPP-DETERMINING
FUNCTION

A

VELOCITY

The robot is constrained to move along a fixed path,
which is obtained by solving the PPP among static
obstacles. Our next problem is to find the velocity of
the robot as a function of time such that collisions
with the moving obstacles are avoided (VPP). See Fig.
3 for an instance of VPP.
How is the path x specified? In general, it may be
any arbitrary space curve. We assume a parametric
representation for n in terms of its arc length s; i.e.,
x,~(s) is given. Let [~,, sf] be the arc length interval of
the path x with x,(s;) x~, and xisf) xf. To find
the mapping x,,(-), we need to find the mapping
s(.): [t;, tf] &horbar;~ [~,, sf]. Then, by composition of mappings, xn:(t) = x,~ 0 s is easily determined.
=

=

*
Note that two tetrahedra may be adjacent in three ways: they can
share a vertex, an edge, or a face. The first two are singular cases,
since a slight perturbation will disconnect the two tetrahedra. There-

fore, the only stable adjacency is face adjacency.
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Fig. 4. Computation of con-

straints for the velocity function. The obstacle is a circle.
It is shown crossing the path
segment [si, Sf]. At t tk, it
=

touches the path, and at
t’ tk, it leaves the path.
The maximum subsegment
=

3.2.1. Path-Time (s X t)

of the path occupied by the
circle is [s~, g] d, the
diameter of the circle. This
=

subsegment, [sk, s~]

is

con-

sidered forbidden, since it is
occupied by the obstacle,
during the interval [tk, tk].

Space

object moving in space sweeps out an effective
hyper-volume in space-time. An intuitive solution to
the VPP can be obtained by intersecting the swept
volumes of the obstacles with the given path of the
robot. These intersections will provide time-varying
constraints for the robot’s position on the path. For
simplicity and intuition, we shall illustrate the computation of the intersections for a simple case.
Consider the following two-dimensional case: the
obstacle is a circle moving with constant velocity, and
the path of the robot is a straight line segment. Let tk
An

be the time instant when the kth obstacle touches the

’

path segment, and let tk be the time instant when it
leaves the segment. Given the velocity and the position
of the circle (its center and tk are easily determined.
During the whole interval [tk, tk], the maximum subsegment of the fixed path sis) occupied by the obstacle is given by [sk, sk] d, the diameter of the circle.
As an approximation, these intersections may be
taken as a subsegment of the path that is unavailable
during a subinterval of time. Once these intersections
have been determined, they act as constraints on the
mapping x,,(-). The mapping may not assign any point
t in subinterval [tk, t’l to any point s in spatial subsegment [sk, s’ . This is illustrated in Fig. 4.
=
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Fig. 6. A

Fig. 5. The subsegment,
[sk, sa of the segment [s,, s,.],

is forbidden during the time
interval [110 1a This is
shown in the s X t space as a
rectangle, which is forbidden region for the trajectory
to pass

more

exact compu-

of the swept volumes
can give rise to more complicated shapes in the s X t
space, e.g., an ellipse in the
tation

case of a circle crossing the
path segment. For simplicity,
bounding rectangular approximation to these shapes

may be used.

through.

Now consider s X t space. Since our approximations
to the intersections are of the form-subsegment

[sk, sk] is forbidden during the subinterval [tk, tk] they will appear as rectangles in s X t space. This is
shown in Fig. 5.
Note that an exact computation of the volumes
swept by the moving obstacles will give rise to more
general shapes than rectangles (ins X t space), e.g., an
ellipse for the circular obstacle moving with constant
velocity, as illustrated in Fig. 6. It is a nontrivial task to
compute the intersection of the path x with the volumes swept by the obstacles as they move around. Let
om (<9~ 0’1,
0~), where <9~ is an obstacle.
Mathematically, we have to determine x n OT(t),
tft E [t;, t~], k
1
r. Therefore, these intersections will be quite complicated functions of time depending upon:
1. the shape and size of the obstacle,
2. the trajectory of the obstacle, and
3. the path 7C of the robot.
In Appendix I, we show that for a spherical obstacle
moving with constant velocity, the exact intersection
(in s X t space) is an ellipse; for a polyhedral obstacle
moving with constant velocity, the exact intersection is
=

...

,

=

...

polygon. Here, a trade-off exists between precision
and computation. In general, the more accurately a
forbidden region is described, the more complex the
intersection computation becomes.
For simplicity, we shall assume polygonal approximations to these intersections. Our results, however,
may be extended to deal with more general shapes (in
s X t space), such as ellipses, etc.
a

.3.2.2. A
s

Transformation: the VPP
X t

- the 2-D PPP in

Space

In s X t space, the mapping set) will be a curve. A
sufficient condition for no collision is that the intersection of the curve s(t) with the obstacles (in s X t
space) be null. Thus, we have reduced the VPP to the

following problem:
Given the initial point (s;, ti) and the final point
(sf, tf), find a curve in s X t space joining these
two points, while avoiding the (polygonal) obstacles (see Fig. 7).
In an abstract form, this is precisely equivalent to
the PPP in s X t space. Several techniques are available
for solving it (see Section 3.1 }. While we are developing
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Fig. 7. Equivalence of the
velocity planning problem to
the static two-dimensional
in the
s X t space. The horizontal
axis is the arc length and the
vertical axis is the time. The

path planning problem

shaded rectangular regions
(computed as in Figs. 4 and
5) represent the two-dimensional obstacles through
which the trajectory may not
pass.

ity of the robot is bounded, i.e., Iv(t)1 ~ V,,,,,.
What does this constraint imply in s X t space?
dX1[
&horbar;&horbar;
The velocity of the robot is v(t)
(
t.
..

=

=

&hdX1[
orbar;&horbar; &hodsrbar;.
ds dt

dxx.
&
horbar;&horbar;
~
dt

since
Since
mce Xx
S IS
isis given,
x,,(s)
x,(s)
given,
.

h constraint
H
Hence, the

formed to

a

on

constraint

Therefore,
’

dt =dt-r <I

is
IS

known.
own.

b transmay be

dt

on

space. Since s represents

ds

the slope

arc

length,

v

~°’

constraint holds for the slope

The

I~~dti -.

~t
dt

in s X t

&horbar;&dquo;

= 1.*

<M

same

v

~°

Note that

the time axis is the vertical axis. Therefore, the
slope corresponds to the cotangent and not the
tangent, which is more usual.

approaches based on free-space representations, in the
next section we will present an approach based on the
Vgraph algorithm. We extend it to solve the twodimensional PPP (in s X t space) corresponding to the
VPP. Our purpose is to illustrate the differences between path planning in spatial dimensions and path
planning in space-time (s X t space). Note that the end
conditions matter. The first case, which leads to the
VPP algorithm 1, assumes that the final arrival time tf
is fixed. The second case, which leads to the VPP algorithm 2, assumes that tf is not fixed but that the objective is to reach the goal in minimum time.

3.2.3. Constraints in

s

X t

Space

glance, it appears that we may use the Vgraph
algorithm to solve the VPP, but this is not so. In s X t

At first

space, certain additional constraints exist because

3.2.4. D VG:

Vgraph in s X t Space
The Vgraph algorithm for the two-dimensional PPP
cannot be used identically in s X t space, but requires
two modifications. First, the monotonicity constraint
makes the Vgraph in s X t space a directed graph,

(%, t) may be accessible from another

since

a

node

(s~ , tk) only if t~ < tj. Second, the maximum

node

ve-

locity constraint translates to a constraint on the
slopes of the edges in the Vgraph. The edges with

dt ~
dt

~&dquo;’~ are not admissible. These modifications

can be formally incorporated in a directed visibility
graph, D VG(N, E ), as follows: Let 0 be the set of
polygonal forbidden regions in s X t space. Let Tj be

one

of the dimensions is time. These constraints are:
1. The

monotonicity constraint. Time moves
forward! It implies that any physically realiz-

able function in s X t space has to be a monotonically increasing function of t.
2. The maximum velocity constraint. The veloc-

* In case s is not the

arc

length parameter, let

I d’~I = y.

y will in

general depend on s. The velocity constraint now translates to

I~~I ~

~Mx = V_ly. The maximum velocity constraint still transM
lates to a slope constraint, but the constraint depends on s. A conservative constant constraint may be obtained by using the maximum value of y.
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.

Fig. 8. The constraints in

modify the visibility graph to a directed
graph D VG. The edges corresponding to velocity greater
than V max are pruned. A
s

X t space

minimum path search over
the pruned graph gives an
optimal path in the s X t
space. The minimum path
from I to F is shown in bold
lines.

constraint: The minimum

length collision-free
from
initial point I to final
path (in s t space),
F
and
the
point
satisfying
slope constraint, is
of
directed
composed
straight line segments
X

ds ~ V max)

joining vertices of the polygonal
forbidden regions.
As a consequence of this optimality, the following
corollary follows.
dt

Corollary: The directed graph DVG is complete.
(graph) path from node I to node F does not
exist, this implies that a collision-free velocity
profile to the goal node does not exist.
If a

Note that the Euclidean distance between two nodes
(sj, tj) and (Sk, tk) in s X t space corresponds to
(sk - s; )2 + (tk t j)2 . This is equivalent to
-

The optimal path
(~tk - tjl where v =~.
tk

the set of vertices of these forbidden regions. Construct
DVG(N, E ) as follows. The node set N (I, F U V.
To determine the edge set E, first define a cone-visibility function I for a node pair (nl, n~ ). Let the coordinates of node n; = (s4, t;) and those of node nj
(s~, tl).
Then, l(ni, nj) is TRUE if
=

=

set E is then defined as the set of all edges
such that l(n;, nj) is true. The graph DVG for
the VPP in Fig. 3 is shown in Fig. 8.

The

edge

(ni, nj)

tj
corresponds to a velocity profile that minimizes the
above cost function over all possible velocity profiles.
This cost function is related to the energy dissipated,
but it does not account for switching from one velocity
value to another, an important component of total
expended energy. However, this optimal property does
ensure the completeness of the algorithm.
Given the set of polygonal obstacles O in s X t space,
initial node I, and final node F, the VPP algorithm 1
(fixed arrival time) may be summarized as follows:
1. Construct the directed visibility graph, D VG.
2. Search the graph for a path from I to F.
3. If the path exists, then it corresponds to a collision-free velocity profile; else, a collision-free
velocity profile does not exist.

3.2.5. VPP Algorithm 1: Fixed Arrival Time

3.2.6. VPP Algorithm 2: Minimum Time

Is an optimal path still composed of segments joining
the vertices of the obstacles, or do we have to introduce

Another version of the VPP is one in which the final
position sf is specified and the aim is to reach it in
minimum time tni,. The problem is less constrained
now. Instead of a given goal node, a set of goal nodes
is given. This set is the line L drawn from (sf, ti) parallel to the t-axis as shown in Fig. 9. Let tm;&dquo; be the minimum time required to reach the final position sp The
node (sf, tni,) has to lie somewhere on the vertical line

new

vertices corresponding to

is stated in the

dt i

=

V,.? The answer

following theorem (see Appendix

II for

proof):
The MinPath Theorem in

s

X t space with

slope
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Fig. 9. The final position

sf
is specified in this case. The
time when the robot reaches
Sf is to be minimized. It is
determined by the intersection of a trajectory, one of
many possible ones, with the
vertical line L that passes
through sf. The V max (and

-

V max) probes intersecting

the line L give rise to poten-

tial final nodes. We have
shown only the V max probes.
If a probe intersects an obstacle before it intersects the
line L, no potential goal
node is generated. Minimum
time corresponds to the node
that is reachable and has
minimum t coordinate. The
minimum time path is
shown in bold lines.

{(n;, nj): I(n;, nj) is TRUE, dn~ E N, b’nl E Nf)). The
edge set is E’ E U Ef.
Instead of one final node, we have a set Nf of final
potential nodes. The node in set Nf, which may be
=

new

reached from the initial node I and which has the
minimum time coordinate of all the nodes (in A~)
reachable from I, is the required goal node; the corresponding time is the minimum time solution to reach
the final position sf. The velocity profile corresponding to the path to this node is therefore optimal. The
minimum time node may be determined by searching
the graph with respect to time as a cost function, i.e.,
the cost assigned to an edge (n;, nJ) is the difference in
time coordinates of the nodes (tj t;).
We can summarize the above as follows: the minimum time collision-free path (in s X t space) from
initial point I to final position sf(which corresponds to
the set Nf of potentially final nodes), satisfying the
slope constraint, is composed of directed straight line
-

segments

Y&dquo;,~ joining
dt:5regions.

vertices of the poly-

Thus, the VPP algorithm
gonal forbidden
(minimum time) can be summed up as follows:

L, which passes through the final position sf. But the
number of points on L is infinite. The following
lemma (see Appendix II for proof) shows that not all
points on line L may be the final node {sr, t~,tn).
The MinTime-node Lemma in s X t space with
slope constraint: The minimum time node
(sf, t&dquo;t;n) is an intersection point of line L and a
line segment of slope V,~ (or - Vm~) emanating
from an obstacle vertex.
We need to modify the graph DVG to a new graph
D VG’ as follows. For each node in DVG, as obtained
in the previous section, construct probes in the increasing t direction (a ray) with slopes corresponding
to (V max and - Ym~). If a probe intersects the line L
without intersecting any obstacle first, i.e., if this probe
can &dquo;see&dquo; the line L, the point of intersection will be a
new potential final node (see Fig. 9).
Let the set of these potential final nodes be Nf. DVG
is augmented with these new potential final nodes.
The new node set becomes N’ N U Nf. The edge set
is augmented with edges to nodes in Nf. Let Ef=
=

2

1. Construct the graph DYG’.
2. Search for the minimum (time) cost path from
node I to nodes in set Nf.
3. If the minimum cost path exists, then it corresponds to the minimum time collision-free
velocity profile else a collision-free velocity
profile does not exist.

3.2.7.

Velocity Profile-Smoothness Requirements
Consider Fig. 8. The optimal path (from node I to
node F) in s X t space corresponds to the velocity
function shown in Fig. 10. The velocity profile is discontinuous, implying infinite acceleration. This is
clearly unrealizable physically and occurs because
straight line segments were used to connect the vertices. It results in CO continuity. To keep acceleration
finite, we require at least C’ continuity. This can be
obtained by smoothly interpolating between the vertices, (through which the path in s ~C t space passes),
with quadratic splines (De Boor 1978). Care must be
taken to guarantee that the interpolated function does
not intersect the forbidden constraint regions. We
81
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Fig. 10. The velocity profile
corresponding to the path in
the s X t space in Fig. 8.
Note that the velocity profile
is discontinuous,

thereby

implying infinite accelera-

tion. A smooth quadratic
spline fit is required. But the
spline fit is constrained by

the obstacles in the s X t
space, i.e., it may not intersect

the obstacles.

approach will work best for obstacles that are sparsely
distributed and moving relatively orthogonally to the
path of the robot.
4.

have

now developed an approach based on spline interpolation in free space (see Section 3.1.2) to obtain a
smooth velocity profile that lies completely in free
space (Kant and Zucker 1986).

3.3. SUMMARY
We have presented algorithms to solve the TPP =>
PPP + VPP. We used the triangulation approach to
find a path that avoids collision with fixed obstacles to
reach the goal position. Then we presented the VPP
algorithm to plan the velocity of the robot along this
path to avoid collisions with moving obstacles.
As we show in the next section, this heuristic decomposition results in a significant reduction in the
complexity of the problem. The trajectory yielded by
this decomposition may not always be good, for it
may take too long to reach the goal position if there
are too many obstacles crossing the chosen path. This
decomposition may also fail if the obstacle is coming
at the robot on the same path or if an obstacle is
tracking the robot. The robot may have to move off
the path to avoid the tracking obstacle. * Therefore, our
*

We have now developed an algorithm that allows the robot to
off the path while keeping the velocity magnitude constant.
This will be reported elsewhere.
move

Complexity Issues

What do we gain by the decomposition approach to
solving the TPP? The answer is that we reduce the
complexity of the problem. The time complexity of
one algorithm (Schwartz and Sharir 1982a) to solve a
fairly general version of the PPP is O((2n)3’+’m2r),
where m and n are related to the number and the
maximum degree of polynomials describing the obstacles and r is related to the number of degrees of freedom of the robot. The complexity is exponential in
the number of degrees of freedom of the robot and is
polynomial in the number of geometric constraints;
i.e., the number and degree of polynomial equations
describing the obstacles. However, the exponents and
constants are large from a practical point of view.
The full problem of planning trajectories among
moving obstacles is even harder. Recently Reif and
Sharir ( 198 5 ) have shown that some TPPs are NP-hard
(e.g., moving a disc in 3-D space with static and rotating obstacles in minimal time). One reason for this
increase in complexity is the additional time dimension in the TPP. We have already noted that the complexity of the PPP is exponential in the number of
degrees of freedom, which for a point robot is the same
as the dimension of the space in which the robot is
embedded. For instance, in 3-D space, a point robot
has three degrees of freedom.
The TPP for a point robot could be formulated as a

problem in four-dimensional x X y X z X t spacetime. Our approach, PPP + VPP, reduces this fourdimensional problem to a problem in 3-D x X y X z
physical space, followed by a problem in two-dimensional path-time space, thereby reducing the time
complexity greatly.
A point robot is an unrealistic assumption; any
physical robot will have nonzero size. How do we take
into account the size and shape of the robot? An elegant approach, called the Cspace approach, has been
developed by Lozano-Perez (1980). In this approach,
the robot is &dquo;shrunk&dquo; to a point while the obstacles
are &dquo;grown&dquo;. Moving this virtual point robot among
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&dquo;grown obstacles&dquo; is equivalent to the original problem. The problem is transformed to an equivalent
problem in the space (Cspace) of possible configurations (position and orientation) of the robot. In this
space, each point represents a configuration of the
robot. Thus, solving a TPP for an r degree-of-freedom
robot may be formulated as a problem in r + 1 dimensional space-time. We could use our decomposition approach to solve it in two steps: (1) solve the
PPP in n-dimensional Cspace, and (2) solve the VPP
in two-dimensional path-time space. The computation
involved in transforming the obstacles to Cspace, and,
searching this high dimensional Cspace is expensive
and complex, however. Despite the complexity of the
resulting PPP, the decomposition approach still reduces the overall complexity of the TPP. Unfortunately, under some situations it may not yield a solution even though one may exist.
The decomposition approach may also be extended
to approximate but fast algorithms for solving the
TPP, e.g., the case of a polygonal robot in a twodimensional polygonal world. The generalized cones
approach by Brooks (1982) may be used to solve the
PPP, and the VPP algorithm (see Sections 3.2.5 and
3.2.6) may be extended to plan only the translational
velocity of the polygonal robot to avoid collision with
the moving obstacles. The same decomposition approach may be used for a host of other TPPs in timevarying environments. For instance, it has been applied to a simple case of two manipulators (in plane)

sharing a common workspace (Wallace 1984).

5. Discussion and Conclusion
We have considered the problem of planning trajectories in time-varying environments. Other approaches
have been restricted to stationary environments within
which general solutions, while possible in theory, are
computationally expensive in practice. Therefore,
planning trajectories among moving obstacles will be
even harder.
We have presented a paradigm that suggests an
opening through this increased complexity. The essential feature of this paradigm is to decompose the full
problem of planning trajectories into two subproblems:

( 1 ) planning the path of the robot so collision
with static obstacles is avoided; and (2) planning the
velocity of the robot along this path so collisions with
the moving obstacles are avoided. This heuristic
decomposition results in a significant reduction in
the complexity of the problem. Under certain conditions, it still may not give a solution even though one
may exist.
Our solution

that the obstacles and their
completely known. The robot comtrajectories
and
the velocity profile in one global
the
path
putes
action. Having obtained this information, the robot
moves &dquo;blindly&dquo; along the path with the velocity.
However, the global plan may not be executed
&dquo;blindly&dquo; since the obstacles may not move as predicted. Often, the exact trajectories of the moving obstacles may not be known, in which case the trajectories of these obstacles have to be estimated
repeatedly and the trajectory of the robot planned
repeatedly. For example, the decomposition paradigm
may be applied locally by planning the path locally in
a series of actions and by planning the velocity over
subintervals of the total &dquo;task&dquo; time. The size of these
intervals, or, the &dquo;granularity&dquo; of time will then be
proportional to the confidences associated with the
statistical estimates of the movements of the obstacles.
If the movements of the obstacles are predictable, few
instances of VPP over large &dquo;chunks&dquo; of time need to
be solved, or velocity needs to be planned more &dquo;globally&dquo; in time. If the movements of the obstacles are
almost random, VPP may have to be solved almost
continuously over small &dquo;chunks&dquo; of time, or velocity
may need to be planned more locally in time. The
granularity of time is linked to the predictability of the
movements of the obstacles. We are currently developing approaches to trajectory planning problems that
incorporate this and that attempt to resolve some of
the local/global planning issues involved in planning
assumes

are

trajectories.

Acknowledgments
We wish to thank Hossam El Guidy, Yvan Leclerc,
and Susan Whitesides for discussions and help with
this document.

Downloaded from ijr.sagepub.com at Tel Aviv University on February 25, 2011

83

Appendix I. Computing Forbidden Regions in
s X t Space

time is

given by

I.A. GENERAL PROCEDURE
that the obstacles are represented by their
boundaries. In n dimensional Euclidean space En, let
the obstacle boundaries be represented byfi(i) 0,
i
1, m where r is the position vector. This may be
represented as f(i) 0 where f is a vector with £ as its
elements. Let the fixed path be an n-dimensional
We

assume

Substituting for x, y, and z from Eq. (1) in terms of
rearranging, we get

s, and

=

=

=

parameterized by s,

n(s), s E
[s;, sf]. Let the motion of the obstacle be represented
by a Euclidean matrix transformation T(t), defined as
a matrix function of time t. The forbidden region in
s X t space is given by T(t)f(i)
0, i n(s).
The above set of simultaneous, nonlinear (in general) equations will determine the forbidden region.
Solving these equations may require sophisticated
algebraic techniques. For some cases (pure translation
with constant velocity, no rotation), the computations
are quite simple and easy. We illustrate two cases
below. In both cases, the path is a straight line seg_ ment. In the first case, the obstacle is a sphere moving
with constant translational velocity; in the second
case, the obstacle is a convex polyhedron moving with
constant translational velocity. We shall compute the
intersection with the infinite line containing the path
curve

segment

n

=

x

=

=

or all, of this intersection may lie
outside the path segment. This is easily determined
simple limit checks.

segment. A part,

by

LB. SPHERICAL OBSTACLE
Let the path n be a straight line segment, characterized
parametrically by

This is a quadratic in s and t. Therefore, the forbidden region, if it exists, will be a conic section. Moreover, a general conic in the xy plane, Ax2 + Bxy +
Cx2 + Dx + Ey + F 0, is a hyperbola, parabola, or
an ellipse as the discriminant Bz - 4AC is greater
than, equal to, or less than 0. From Eq. (4), the discriminant is
=

,

By expanding and rearranging terms, Eq. (5) is reduced to

which, being the negative of the sum of the squares, is
always less than or equal to zero. It can be shown that
Eq. (6) is always less than zero. Hence, the intersection
in s X t space will be an ellipse. The ellipse, in some

special cases,

may be

degenerate.

I.C. CONVEX POLYHEDRAL OBSTACLE
Let the position of (the center of) the spherical obstacle at t = 0 be (x,o, yeo, ~eo). Let its velocity be v
(vx, vy, vz) and its radius r. The equation of the volume swept by the spherical obstacle as a function of

=

84

path 1C is again given by Eq. (1). The obstacle is a
polyhedron moving with constant translational
velocity v (v,, vy, vz). For intuitive simplicity, we
may think of the problem as the line segment moving
The

convex

=
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with velocity - v and the polyhedron as stationary.
The forbidden region in s X t space is the intersection
of the polyhedron with the plane swept by the line
segment. This plane is easily characterized by

avoiding the polygonal obstacles.* Any shortest (optimal) path satisfies the following property: An optimal
collision-free path from the initial point I to the final
point F is composed of straight line segments joining
vertices of the obstacles.

proof based on dynamic programming is given in
Wangdahl, Pollock, and Woodward (1974). We will
present an intuitive proof in the following section.
Next, we show that a similar theorem holds in s X t
space even with slope constraint. Finally, a lemma for
the minimum time path in s X t space is proved. Our
proofs are based on the following lemma:
Lemma 1. The length of a convex segment 1fI,
between two points P and Q is greater than any
convex segment y/’ that lies completely inside the
convex polygon formed by q and the segment PQ.
A

The forbidden region is determined by intersecting
the plane with the boundaries of the faces of the polyhedra. Since a face is a convex polygon, its intersection with the swept plane will be a line segment with
its two vertices on the boundary edge segments of the
face. Any two line segments will share a vertex if the
two faces share an edge. The forbidden region, a polygon enclosed by these line segments, is easily determined.
Let the equation of the i’,6 boundary edge segment
of a face be given by

II.A. MINPATH THEOREM
Given: Initial point I, final point F, and set OS
of a finite number of static polygonal obstacles.

(x;, y;, zi) is one of the vertices.
Substituting for x, y, z from Eqs. (7) and (8), we get

where

To prove: An optimal path q from the initial
point I to the final point F, such that y/ n OS = ~
is composed of straight line segments joining
vertices of the obstacles.

We can easily solve this set of linear equations for s,
~,, t. If 0 ~ ~. ~ 1, it implies a valid intersection point.
Knowing these points, the polygonal forbidden region
s X t space is easily determined.

Appendix II. Proofs for some Vgraph-like
Algorithms
.

Intuitively, the two-dimensional PPP in a plane may
be stated as the problem of moving a point object
from the initial position I to the final position F while

Proof We shall prove the theorem by contradiction, i.e., we shall assume that a point on an
optimal path does not satisfy the above condition,
and we will show that a path composed of
straight line segments joining vertices of the obstacles exists that is shorter than the given optimal path. While following this proof, refer to Fig.
A.1.
Let V be the set of vertices of the obstacles, the
initial point I, and the final point F. Let E be the set
of edges v¡Vj, such that vi, vj E V and vjvl does not
intersect any of the obstacles. Let x~ be a point on the
optimal path y/ such that xj does not satisfy the above
property, i.e., xj e T~ and x~ ~ e, where e E E. Let
xJ_, , x~ and x~+, be the largest convex subsegment (p,
*
The obstacles are open sets, i.e.,
the boundary of the obstacles.

Downloaded from ijr.sagepub.com at Tel Aviv University on February 25, 2011

a

collision-free path may touch
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Fig. A.l. Illustration for the
proof of the MinPath
Theorem.

This is a contradiction
tween

since q is a minimal path be-

x~- and x~+ 1 ~

II.B. MINPATH THEOREM
SLOPE CONSTRAINT

IN S

X t SPACE

WITH

In s X t space there are additional constraints. In particular : (1) the path has to be monotonic in t, and (2)

the slope is

~t ~

V,., where V ,. is a positive con-

stant.* We will prove that an optimal path (minimum
length in s X t space) is still composed of straight line
segments joining vertices of the obstacles.
Given: The initial point I, the final point F, and
the set 0 of finite number of polygonal obstacles.

The maximum
of the given optimal path q, such that xj-l 1 lies in
between I and x~, and x~+, lies in between x, and F.
Claim 1. x~_ 1, xj, and Xj+ do not lie on a straight
line. This follows from the fact that these points form
the largest convex subsegment of the whole path (p.
Claim 2. The subsegment (p is minimal, i.e., it is a
shortest path between xJ_ 1, and x~+ 1. This follows
from the principle of optimality. Since the whole path
~ is minimal, any part of it is minimal also. But,

Therefore, xj- I xj+ must intersect an obstacle or q
will not be minimal. Also, 9 does not intersect any obstacles since we
=>

3

a

assume

S, formed by the straight line
Xj-tXj+1 , and the convex subpath, rp.

convex

ment

set V’ of the vertices (of obstaV’ c Y and V v E ~&dquo;, v lies inside

nonempty

cles) such that
the

it is collision-free.

set

seg-

Let Xj-tVl
v~x~+1 be the vertices of the convex
hull of xJ_, U V’ U xl.~ 1. Consider the convex subsegment q’ xj- I vl
7JrXj+1 . rp’ lies completely inside
the convex set S. Therefore, by Lemma 1,
...

slope constraint: The magnitude

of the slope of the path

1:1
~

is always

~ Y&dquo;,~,

To prove: An optimal collision-free path from the
initial point I to the final point F, satisfying the
maximum slope constraint, would be composed
of straight line segments (slope :5 Y&dquo;,~} joining
vertices of the obstacles.

Proof From the MinPath Theorem, we know that
if there were no maximum slope constraint, an
optimal path would be composed of the straight
line segments joining the vertices of the obstacles.
How does the maximum slope constraint affect
the nature of this path? Consider an arbitrary
point x. Geometrically, the constraint implies that
any edge emanating from the point x is admissible if it lies within the conical region shown in
Fig. A.2. The boundaries of this conical region C
correspond to lines with slopes ± Y&dquo;,~.
Formally, this is incorporated in the notion of cone
visibility. A node y is cone visible from a node x if the
following visibility predicate [(x, y) is TRUE. Let the

=

...

*

Note that the time axis is the vertical axis. Therefore, the slope
corresponds to the cotangent, not the tangent, as is more usual.
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Fig. A.2. Illustration for the
proof of the MinPath
Theorem in

s

X t space with

slope constraint.

e.g., y nodes, created by the maximum
lines.
If
we apply the MinPath Theorem to obslope
stacles O’, we may have to consider these new nodes.
We shall now prove that such is not the case, i.e., one
need not create these extra nodes to find an optimal
path. We have to show that any point z that is conevisible from the new node y is reachable from x by a
path q with the following properties:

nodes,

extra

composed of straight line segments
(slope :5 Y&dquo;~} joining vertices of the obstacles.
2. Its length is ~ ~p ~ ~ IxY I + IYz I ~
1. It is

But we will prove a stronger result. We will show
that any point z that is cone-visible from the new node
y is reachable from any point x’, from which y is
cone-visible by a path 91 with the above properties.
The set of points from which the node y is cone-visible lies in the inverted cone bounded by xy and the
edge of the obstacle that gave rise to y. Let x’ be a
point from which node y is cone-visible. Consider the
straight line segment x’z. Since z lies in the visibility
cone of point y, slope (yz) ~ Y&dquo;,~. Also, the visibility
cone

coordinates of node x

=

(s,, tJ and those of node y

=

(s~, tj). Then, l(ni, nf) is TRUE if:

of y c visibility cone of x’,
are two possibilities:

=>

slope(x’z) ~ Y&dquo;,~.

There

1. x’z does not intersect any obstacle,
2. x’z does intersect some obstacles.

or

In the first case, x’z is a valid edge segment (slope -5
V&dquo;~) and thus is a valid path. Moreover, ~x’z ~ <~‘Y ~+ lyz I
-

Essentially, the equivalent obstacles for point x are
those parts of the obstacles that lie within the cone C.
If all the obstacles lie completely inside the cone, we
have nothing to prove. If an obstacle Oj intersects the
cone, it is essentially transformed into a new obstacle
0; Oj n C. The new obstacle 0; will also be a set of
simple polygons, as shown in Fig. A.2. We have
shown intersection with the + Y&dquo;,~ probe only. The
case for - Tl&dquo;,~ is similar. The new obstacle has extra
nodes, y, yi , Y2, ... , y,. We need to consider only
the first node y, since this is the only node (in this new
set of y nodes, Yl, y2,
y,) that is cone-visible
from point x. The other nodes will not even be reachable from x because of the obstacle, as shown in Fig. A.2.
Intuitively, we have transformed the original constrained problem with obstacles O to an unconstrained
problem with obstacles O’. But the obstacles 0’ have
=

...

,

In the second case, 3 a set of vertices of obstacles
inside the Ax’yz, is shown in Fig. A.3. Obstacles intersect x’Z but not x’y or yz since we assume these are
valid edges. Let this set of vertices be V’. Consider the
convex hull of x’ U V’ U z. Let the vertices of this
convex hull be x’, vi, v2, ... , Vr, z. The path seg-

x’v,vz
v,Z, is a valid segment, since all
the edge segments of this path have slopes :5; V,,,,,.
This is because:
ment, 91

=

...

path segment (o is a convex segment, (part
convex hull).
2. The path segment lies inside the ~x’yz, each
of whose sides, x’y, yz, and x’z, have
slope - Y&dquo;,~.
Moreover, by Lemma 1, ~~p~ s ~x’y ~ + ~y’Z ~. Hence, any
point cone-visible from node y is reachable from any
1. The

of the
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Fig. A.3. Illustration for the
proof of the MinPath

Fig. A.4. Illustration for the
proof of the MinTime-node

Theorem in s X t space with

Lemma in X t space with
slope constraint.

slope constraint.

point x’ from which y is cone-visible, by a shorter
path (p composed of straight line segments with slope <
Y&dquo;,~, joining the vertices of obstacles.
=>
The point y §t an optimal path from x’ to z.

II.C. MINTIME-NODE LEMMA
SLOPE CONSTRAINT

IN S

X t SPACE

WITH

ing a collision-free path from initial node I = (si, ti) to
final node F (sf, tm;n)·
By the MinPath Theorem in s X t space with slope
constraint, the minimum length path to node F is
composed of straight line segments (slope:5 Y&dquo;,~)
joining vertices of the obstacles. Let the last segment
in the path be xy, where point x corresponds to a vertex of an obstacle and y corresponds to node F. We
claim that slope (xy )
Y,r,~ .
To prove this, assume otherwise. There are two
=

=

The minimum time node (sj, tmin) is an intersection
point of line L and a line segment of slope V max (or
Y&dquo;~) emanating from an obstacle vertex.
The MinTime-node Lemma follows as a corollary
from the above proof. The aim is to reach the final
position sfin minimum time. Instead of one goal node,
a set of goal nodes is given. This set is the line L drawn
from (sf, ti) parallel to the t axis, as shown in Fig. A.4.
The minimum time goal node has to lie on L. What
remains to be proven is that it also lies on a line segment with slope Y&dquo;,~. (or - Y&dquo;,~) emanating from an
obstacle vertex. We prove it for the positive case. The
proof for the negative case is similar.
Let trn~n be the minimum time that the position sf
may be reached in. Now consider the problem of find-

possibilities:

-

The first possibility is ruled out by the slope constraint. For the second, assume that slope(xy) < Tl~.
Sweep the ray xy with pivot at x to increase the slope
till it reaches the value Y&dquo;~ or the ray hits an obstacle
vertex like z (see Fig. A.4). If the slope does reach the
value Y&dquo;,~, it implies that 3 a path with t coordinate < tm;&dquo; . If the ray hits an obstacle before this happens, it implies that 3 a path with t coordinate _< t~;~ .
This path comprises two line segments xz and Zy’
where y’ is the new intersection of the swept ray with
line L. In either case, there is a contradiction. It follows
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that slope(.~y)
Tl&dquo;,~. Hence, the minimum time
node lies on a line segment with slope V max emanating
from an obstacle vertex.
=
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